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Abstract 
Suri, M., On the robustness of the h- and p-versions of the finite-element method, Journal of Computational 
and Applied Mathematics 35 (1991) 303-310. 
The classical h-version of the finite-element method achieves accuracy by refining the mesh and keeping p, the 
degree of polynomials used, at a fixed (low) level. We compare the robustness of such algorithms to that of the 
more recent p-version, which uses a fixed mesh and increases p. We consider two physical parameter-dependent 
problems that can lead to poor approximations near a limiting value of the parameter (locking). Our results 
show that p-type algorithms are generally more robust with respect to the parameter values than h-type ones. 
Keywords: Robustness, locking, finite-element method. 
1. Introduction 
The finite-element method generally involves finding an approximate solution in a space of 
piecewise polynomials of degree < p on a grid of mesh size h. If the accuracy of the 
approximation is below the required level, an extension algorithm, i.e., a method to increase the 
dimension of the discrete space used, can be employed to increase it. There are three main types 
of extension algorithms, the h-, p- and h-p versions of the finite-element method. The h-version 
is the classical one, where accuracy is achieved by decreasing h while keeping p fixed (usually 
p = 1, 2). In h t e p-version, p is increased (p + co) and the same mesh is used throughout (h 
fixed). The h-p version combines both approaches. Let us mention that instead of using an 
extension procedure which increases the dimension, one could also use the r-version, in which 
the mesh is redesigned to achieve better accuracy for the same (fixed) dimension. 
p- and h-p type algorithms are comparatively new approaches that have already established a 
firm niche in both research and industrial settings. Several codes (for example MSC/PROBE, 
FIESTA and the research code STRIPE) based on them are already available or in development. 
* Research partially supported by the Air Force Office of Scientific Research, Air Force Systems Command, USAF, 
under Grant Number AFOSR 89-0252. 
0377-0427/91/$03.50 0 1991 - Elsevier Science Publishers B.V. (North-Holland) 
304 M. Suri / Robustness of the finite-element method 
One reason for this increasing popularity is the natural flexibility to obtain higher rates of 
convergence by either increasing the polynomial degree or refining the mesh. This is especially 
attractive in terms of quality control, because increasing the degree p is a non labor-intensive 
method of achieving the required accuracy. In addition, promising new adaptive algorithms 
which combine degree selection and mesh refinement may now be used. For a survey of 
theoretical and computational aspects of these new methods, see [l]. 
In this paper, we will concentrate on comparing the properties of h- and p-type algorithms 
with respect to locking and robustness. Locking is a phenomenon associated with the numerical 
approximation of certain parameter-dependent problems. An example is the analysis of nearly 
incompressible elastic materials, where the Poisson ratio Y is the parameter. When v is close to 
its limiting value 0.5, several extension algorithms exhibit a loss in the observed convergence rate 
of the approximations. For example, it is well known (see Theorem 4.1) that the use of the 
h-version with piecewise linear elements for nearly incompressible materials is ineffective, 
precisely due to locking. Other problems subject to this locking effect include, for instance, heat 
transfer when the ratio of the conductivities in different directions is close to 0 and plate or shell 
models when the thickness is close to 0. The problem of locking arises frequently in engineering 
applications and has been extensively quoted in the literature (see, for example, [4]). 
A robust extension algorithm is one which guarantees a certain rate of convergence uniformly 
with respect to the parameter. Various robust schemes have been suggested for problems 
involving locking. One possibility is to use higher-order elements (h-version) - this completely 
eliminates certain types of locking (see Section 4). Another possibility is mixed methods, using 
lower-order elements (h-version). However, these depend upon reformulating the problem in a 
special way. It has been observed in [5,7] that the p-version can be quite robust in this regard and 
does not require the special reformulations required by mixed methods. This is important in the 
context of industrial use, since most commercial codes may not allow the flexibility to formulate 
special variational forms. 
In this paper, we compare the performances of the h- and p-versions with respect to locking 
for two parameter-dependent physical problems. We begin, in Section 2, by giving a condensed 
version of mathematical definitions of locking and robustness and related results from [2]. In 
Section 3, we present robustness results for a model problem involving heat transfer. Section 4 
deals with similar results for locking involving nearly incompressible materials. In both cases, we 
will see that the p-version is generally more robust. 
2. Locking and robustness 
Let H, V, W be Hilbert spaces with the compact inclusion H c V and with V c W. For each 
d E S = (0, b], define the bilinear form 
on I’X V and D : V 4 W is bounded linear. Define the 
‘I2 Let {Hd}cH and let 1). ]Jd be a norm on Hd . 
satisfying (]u]]~,~, ]]u(],<C]]u(],. Define H’={uEHI IIuIIH<K} and H~={uE 
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H 1 11 u 11 d< K } . (Here, K may represent different values but it will always be bounded by K,, a 
constant independent of d.) 
For each N E JV, A” unbounded, let VN c V be a finite-element subspace of dimension N. 
Given any “exact solution” ud E Hd, we may now define the “finite-element approximation” 
U;E VN by 
B,(U,N, U) = B,(u,, u), V’u E VN. (2.2) 
The set 9= { I’“} therefore describes an extension algorithm, i.e., a rule for increasing N (and 
hence the accuracy). Let Ed. . V-+ II&! be a functional; we will be interested in the errors 
Ed(Ud - u,“). In this paper, we restrict our choices of Ed to Ed(w) = 11 w 11 v or 11 w 11 E,d, though 
in general we could also talk about other norms or measures (like, for example, stresses at a 
point). 
We assume that 
C,&(N) < sup inf II u - u II v< C2&(N), 
UtHB vE V” 
and for d E [a, b], a > 0, 
(2.3) 
where C,, C, are positive constants independent of N, d. Here, F,(N) i 0 as N + cc and is 
independent of d. Then we have the following definitions. 
Definition 2.1. Let limN+mf( N) = co. The extension algorithm 9 shows locking of order f(N) 
for the family of problems (2.2), d E (0, b], with respect to the solution sets { Hd } and error 
measures { Ed } iff 
0 < limE sup sup 
i 1 
SUP E&,-U:) (~,(N)f(~i))~l =M< 00. (2.4) 
dE.S 
+Hf 
1 I 
For the case that M is bounded (respectively, infinite), we say that the order of locking is at most 
(respectively, at least) f(N). If (2.4) holds with f(N) = 1, then we say that 9 is free from 
locking. 
Definition 2.2. Let g(N) 4 0 as N + co. The extension algorithm 9 is robust with uniform 
order g(N) for the family of problems (2.2), d E (0, a], with respect to the solution sets { Hd } 
and error measures { Ed } iff 
sup E&,-u:) 
%lEH<f 
(2.5) 
We see from the above definitions that if f(N) is such that 
f(N)&(N) =g(N) +O, as N-, 00, 
then 9 shows locking of order f(N) iff it is robust with maximum uniform order g(N). 
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We now define the limit of the sets Hd, denoted H,, as the set of all u0 E H for which there 
eXiStS a Sequence { Ud }, Ud E Hd, d E S, and a constant C independent of d such that 
bd~~d~~h~~H~ bd-uo~~V-)o~ asd-a w4 
It follows from (2.6) that any u0 E H, satisfies Du, = 0. Define H: = H,, n HB. For some 
problems, the following stronger condition is true. 
Condition (LX). For any ud E Hf, there is a u0 E H: ( u0 depending on ud) such that 
1) ud - U. 11 H < Cd”2. 
with C independent of d and ud. 
(2.7) 
The following theorem shows the usefulness of the set H!. 
Theorem 2.3. Let Ed(u) = I] u ]I v or ]I u )I E,d. Then 9 shows locking of order f (N) with respect to 
Ed On& if 
0) = sup inf 
UEn/ WE v”,cw=o 
II u - w II VG CF,(N)f(N). (2.8) 
It shows locking of at least order f (N) if 
g(N) 2 CF,(N)f(N). (2.9) 
It is free of locking on& if (2.8) holds with f(N) = 1. 
Moreover, if Condition (a) is satisfied, then F shows locking of order f(N) iff, with g as in 
(2.8), 
C,F,(N)f (N) G g(N) G C&(N)f (N), 
and is free from locking iff (2.8) holds with f ( N) = 1. 
(2.10) 
Corollary 2.4. Let Condition ((Y) hold. Then 9 shows locking of order f(N) in the V norm iff it 
shows locking of order f(N) in the energy norm. 
The advantage of Theorem 2.3 is that one reduces the question of locking to a question of 
approximability alone, involving g(N). The proof of this theorem as well as a more generalized 
and detailed treatment may be found in [2]. 
3. Heat transfer through highly orthotropic materials 
We consider the following problem on the unit square L? = ( - 1, 1)2, for t E (0, 11 
- uxx -t-‘u,=fES2, U ..=g, on r, (3.1) 
where n, is the usual conormal. This represents (for example) heat transfer through an 
orthotropic material with conductivities 1 and t-’ in the X- and y-directions, respectively. 
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Fig. 3.2. Relative error in U: and U: for the p-version 
using one square element. 
Formula (3.1) may be put in the form (2.1) with V = H’( 52) ( 11 . I( v denoting the usual quotient 
norm), W= L2( a), d = t/(1 - t), a( U, U) = (VU, VU), Du = uy. The energy norm is given by 
II 2.4 II& = II u, lla2,a + t-’ II uy II& (3.2) 
Let { Yh } be a sequence of uniform square meshes on s2 with mesh size h. VN = V: will then 
denote the space of continuous piecewise polynomials of degree <p in each variable on Yh. 
Then, keeping p fixed and letting h 
keeping Yh fixed and letting p 
+ 0, the use of the spaces VPh gives the h-version, while 
+ 00 gives the p-version. Changing both Yh and p gives an 
h-p extension algorithm. 
To investigate the locking behavior of (2.2) when t is close to zero, we consider H,‘, the set 
spanned by u: = sin x e - fiy, which solves (3.1) with f = 0 and g chosen appropriately. Also, let 
t3;; + X, 71 =y - x. Then the rotated solution u: = sin 5 e- fi7 solves the rotated version of 
. > 
- uet - t-‘u,, = 0, in fi, u,~ =g, on r. (3.3) 
We denote H: = span{ u:}. Now the energy norm will be analogous to (3.2), with x, y replaced 
by f, 17, respectively. 
In Fig. 3.1 we show the error of approximating (3.1), (3.3) by the h-version with p = 2. Results 
are shown for both U: and u: for t = lo-‘, 10h6. The errors in the H’ norm (dotted lines) and 
energy norm (solid lines) behave similarly. It is observed that for t = lo-‘, the error decreases at 
the predicted asymptotic optimal rate for both cases. But for t = 10-6, only the unrotated case 
shows the same behavior - the rotated case exhibits locking. This shows that the h-version with 
the mesh used is not robust for of. (Note that if t is fixed and the discretization is continued, 
then eventually the asymptotic rate of convergence will be attained for uj? as well.) 
In contrast, Fig. 3.2 shows the p-version is robust. Here, one square has been used and the 
value of t has no appreciable effect on the observed rate of convergence. Hence the p-version is 
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free of locking for both uf and uf. These observations agree well with the following theorems, 
which follow from the results in [2]. 
Theorem 3.1. The h-version for (3.1) with solution set H,’ is free from locking in the energy norm 
and robust with uniform order 0( Nep’* ), p being the degree of polynomials used. For (3.3), with 
solution set H:, it shows complete locking and is nonrobust. 
Theorem 3.2. The p-version using a single square is free from locking in the energy norm both for 
(3.1) with solution set H> and (3.3) with solution set HF. It is robust with uniform order 
0(2-p( p!)-‘) in both cases. 
The nonrobustness in Theorem 3.1 follows by using Theorem 2.3 and showing that for 
lim f _,,HF = span(sin t), the only w that satisfies Dw = 0 is an actual (rather than a piecewise) 
polynomial on Yh. Thus, g(N) = O(1) and the result follows by (2.9). 
For the case that the p-version is used with more than one square, there will be some locking 
for of as well, though the robustness estimate in Theorem 3.2 is preserved. This and various 
other related results may be found in [2]. 
4. Nearly incompressible materials 
We now discuss “Poisson locking” which occurs when the Poisson ratio Y is close to 0.5 in the 
elasticity equations 
-Au, - (1 - 2~)~’ grad div U, = 0, in Q, (4.1) 
i ( eij(uV) + Sijv(l - 2~)~~ div n,)ni = gi, 1 < i < 2, on r, (4.2) 
j=l 
where E is the usual strain tensor and g satisfies a compatibility condition. This problem can 
once again be put in the form (2.1), with V = (H’(a))* and 
4(4 4 = t eij(u)eij(v) + ~(1 - 2v)-’ div u div o (4.3) 
with the energy norm I] u I] E,v = (B,( u, u))l’* as before. 
In the limiting case, as v + 0.5, equations (4.1), (4.2) lead to a Stokes’ problem and the 
solution satisfies the incompressibility constraint Du = div u = 0. 
In the sequel, we take H = ( Hk+‘( Q))2 and define ]I . (1 y by 
II u II? = II u IIL + II u ll:+l,c2- (4.4 
It has been shown in [3] that for k > 1, Condition (cu) is satisfied, so that by Theorem 2.3, one 
need only estimate g(N) given by (2.Q with the sup being taken over all u E H with div u = 0 
and II u II k+~ G 1. 
Suppose now we take fi = ( - 1, l)* as before. Let { Ylh } be the uniform sequence of 
rectangular meshes described before. { Y2h} will denote the corresponding uniform triangular 
meshes where each square is divided by the north-east diagonal. For any set S c Iw*, denote by 
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Table 1 
Space VN Degree p Order of locking I Robustness order r 
f(h) = O(h-‘) g(h) = O(h’) 
1 
2 
3 
pa4 
1 
pa2 
1 
2 
pa3 
I=1 
I=1 
I=1 
I=0 
I=1 
I=1 
I=1 
I=1 
I=2 
r=O 
r=l 
r=2 
r=p 
r=O 
r=p-1 
r=O 
r=l 
r=p-2 
B’(S) ( YP2( S)) the set of polynomials of total degree (degree in each variable) <p and let 
92(S) =9$(S) @ {xpy, xy”}. Define 
Vi,h= (~cEC~(ti), u~,E~$(S),VSC~~) for i=l,2,3, (4.5) 
where Y3” = Y2h. Then we have the next theorem [3,6]. 
Theorem 4.1. Let 9 be an h-version extension algorithm for the problem (2.2), (4.3) using 
subspaces VN = ( Vi, h) 2 with p fixed. Then with H, 11 * I( y as above (k large enough), the results of 
Table 1 are true for locking in the energy norm. 
Table 1 shows that locking cannot be avoided for p d 3 for the h-version. Also, using 
rectangular elements leads to locking for all p. 
In contrast, it was shown in [7] that the p-version (using straight-sided triangles) leads to 
uniform robustness of optimal order, so that locking is eliminated. For the p-version, however, 
the use of curvilinear elements is indispensable in most cases. In this connection, we have the 
following theorem. 
2 I 
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Fig. 4.1. Error behavior for curved elements for v = 0.3 and v = 0.5 - 10-‘“. 
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Theorem 4.2. Let 9 be the p-version for the variational form of (4.1), (4.2) using curvilinear 
elements S, (triangles and quadrilaterals) which can be mapped onto the standard triangle or square 
using rational mappings gi. Then 9 is free from locking and is uniformly robust with order 
(p _ s)-U-U where s >, 0 depends upon the mapping CYi but is independent of p. 
When the mappings are affine, we may take s = 0, as observed in Fig. 4.1. Here, the p-version 
has been used for a single mapped element of type 9’;. The relative errors in the energy norm for 
v = 0.3 and v = 0.5 - lo-” for various choices of the mapping are shown. 
For additional results and for the proofs of theorems in this section, we refer to [3]. 
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